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UNIFORM POINCARE´ INEQUALITIES ON MEASURED METRIC SPACES
GAUTAM NEELAKANTAN MEMANA AND SOMA MAITY
Abstract. Consider a proper geodesic metric space (X, d) equipped with a Borel measure µ. We
establish a family of uniform Poincare´ inequalities on (X, d, µ) if it satisfies a local Poincare´ inequality
(Ploc) and a condition on growth of volume. Consequently if µ is doubling and supports (Ploc) then
it satisfies a (σ, β, σ)-Poincare´ inequality. If (X, d, µ) is a δ-hyperbolic space then using the volume
comparison theorem in [3] we obtain a uniform Poincare´ inequality with exponential growth of the
Poincare´ constant. If X is the universal cover of a compact CD(K,∞) space then it supports a uniform
Poincare´ inequality and the Poincare´ constant depends on the growth of the fundamental group.
1. Introduction
Poincare´ inequalities play an important role in studying analysis. Many important classical theorems
in analysis can be stated on a metric space with a doubling Borel measure if it supports a family of
Poincare´ inequalities [7]. In this paper, we will establish a family of uniform Poincare´ inequalities on
a metric space equipped with a Borel measure which satisfies a local Poincare´ inequality along with
certain other geometric conditions.
Let (X, d) be a proper geodesic metric space i.e. all closed balls in (X, d) are compact and any two
points can be joined by a geodesic. Consider a Borel measure µ on X such that every closed ball has
a finite positive measure. We say (X, d, µ) a measured metric space as in [3]. A complete Riemannian
manifold with the volume measure induced from the metric is an example of a measured metric space.
We also assume that there exists an increasing function f : (0,∞)→ R such that
µ(B(x,R))
µ(B(x, 12 ))
≤ f(R) ∀x ∈ X, ∀ R ≥
1
2
. (1.1)
Note that the infimum of measures of balls of radius 12 may be zero. If it is a positive constant
1
c
then
the growth of volume is dominated by the function cf .
In this paper, we denote C(X) as the space of all continuous functions on X .
Definition 1. Let 1 ≤ σ < ∞. (X, d, µ) is said to satisfy a local Poincare´ inequality (Ploc) if there
exist positive constants C, r0 and L ≥ 1 such that for every σ ≥ 1, u ∈ C(X) and its upper gradient
gradient gu : X → [0,∞],∫
B(x,R)
|u− uR|
σdµ ≤ C
∫
B(x,LR)
|gu|
σdµ ∀x ∈ X and 0 < R ≤ r0. (1.2)
where uR(x) is the mean of u on B(x,R).
Theorem 1.1. Let (X, d, µ) be a measured metric space which satisfies the growth condition (1.1) and
(Ploc) for r0 ≥ 1 then for any u ∈ C(X) and its upper gradient gu,∫
B(x,R)
|u(z)− uR|
σ dµ(z) ≤ C0(λR)
σ−1f(4λR)
∫
B(x,λR)
|gu(z)|
σdµ(z) ∀ x ∈ X (1.3)
for all R ≥ 4λ+ L and σ ≥ 1 where λ = f(7.5) + 1 and C0 = 24σCfσ+2(3.5).
If (X, d, µ) is a measured metric space with a doubling measure µ then the growth of volume is
polynomial. If (X, d, µ) also satisfies (Ploc) then as a consequence of the above theorem it supports a
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uniform (σ, β, σ)-Poincare´ inequality (see Corollary 3.1) i.e. there exist positive constants C0, r, β and
λ ≥ 1 such that for any u ∈ C(X) and its upper gradient gu,∫
B(x,R)
|u(z)− uR|
σ dµ(z) ≤ C0R
β
∫
B(x,λR)
|gu(z)|
σdµ(z) ∀ x ∈ X, ∀R ≥ r
A complete Riemannian manifold (M, g) with Ricci curveture bounded from below supports a local
Poincare´ inequality [4], [7], [2]. Using this fact Besson, Courtois and Hersonsky established a family of
(σ, β, σ)-Poincare´ inequality on (M, g) when the growth of volume is polynomial and volumes of unit
balls are bounded below by a positive constant in [2]. We observed that if Ricci curvature of (M, g)
is bounded below and it satisfies the growth condition (1.1) for some polynomial f(R) = vRα (v > 0)
then it supports a (σ, β, σ)-Poincare´ inequality by Theorem 1.1.
Next we study measured metric spaces with exponential growth of volume. Riemannian manifolds
with negative sectional curvature are examples of such spaces. More generally we consider a δ-hyperbolic
space in the sense of Gromov equipped with a Borel measure. Using the volume comparison theorem
proved in [3] and Theorem 1.1 we obtain the following theorem.
Theorem 1.2. Let (X, d, µ) be a measured δ-hyperbolic space which supports (Ploc) for r0 ≥ 1. Let Γ
be a group acting on X isometrically and properly such that the diameter of the quotient space Γ\X
is bounded by D. Suppose the action of Γ is also measure preserving and the entropy of (X, d, µ) is
bounded by H. Then there exist C0(δ,D,H, µ) > 0 and λ ≥ 1 such that for any u ∈ C(X) and its upper
gradient gu,∫
B(x,R)
|u(z)− uR|
σdµ(z) ≤ C0R
σ+ 21
4
+6HDe12λHR
∫
B(x,λR)
|gu(z)|
σdµ(z) ∀R ≥
5
2
(7D + 4δ), ∀ x ∈ X.
In particular if (X, d, µ) is a δ-hyperbolic Cayley graph of a hyperbolic group G then we obtain a
strong Poincare´ inequality.
Theorem 1.3. Let X be a δ-hyperbolic Cayley graph of a finitely generated hyperbolic group equipped
with a measure µ. Suppose c ≤ µ(x) ≤ C for all x ∈ X for some c, C > 0 and the entropy of (X,µ) is
bounded by H. Then there exists C0 > 0 such that for any R ≥ 10(1 + δ) and u : X → R,∫
B(p,R)
|u(x)− uR|
σ ≤ C0R
σ+ 21
4 e6HR
∫
B(p,R)
|gu|
σ(y)dµ(y) ∀p ∈ X
where |gu| denotes the length of the gradient of u and σ ≥ 1.
Next we study the dependency of Poincare´ constants on the growth of group which acts on a measured
metric space properly and isometrically. Let Γ be a discrete subgroup of isometries of (X, d, µ) acting
on it properly and freely such that the quotient space Γ\X is compact. We also assume that the action
of Γ is measure preserving. Define,
FΓ(R) = |Γx ∩B(x,R)|. (1.4)
Here |.| denotes the cardinality of the set. FΓ(R) is independent of the choice of x. The function FΓ
determines the growth of the group Γ. If the volume and the diameter of Γ\X bounded above by V
and D respectively then
µ(B(x,R)) ≤ V FΓ(R+D).
Now using Theorem 1.1 we prove that if Γ\X supports a Poincare´ inequality then (X, d, µ) admits a
uniform Poincare´ inequality (see Theorem 5.1). To obtain a local Poincare´ inequality on Riemannian
manifolds a lower bound on Ricci curvature plays a crucial role. The concept of lower bounds on Ricci
curvature has been generalized on metric measures spaces in the seminal papers by Sturm in [14],[15],
by Lott and Villani in [10],[11]. They also proved Poincare´ inequality on metric measured spaces using
lower bounds on Ricci curvature and certain other conditions. Later Rajala generalized their results.
Theorem 1.4. ([13], Theorem 1) Suppose that (X, d, µ) is a CD(K,∞) space with K ≤ 0. Then for
any continuous function u on X and for any upper gradient gu of u∫
B(x,R)
|u− uB(x,R)| dµ ≤ 4Re
|K|R2
∫
B(x,2R)
|gu| dµ ∀R > 0, ∀x ∈ X. (1.5)
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We refer to [13] for the definition of CD(K,∞) spaces. From the proof of the above theorem we
observed the following result after applying Jensen’s inequality.
Theorem 1.5. Suppose that (X, d, µ) is a CD(K,∞) space with K ≤ 0. Then there exists a positive
constant C(K,σ,R) such that for any continuous function u on X and for any upper gradient gu of u∫
B(x,R)
|u− uB(x,R)|
σ dµ ≤ C(K,σ,R)
∫
B(x,2R)
|gu|
σ dµ ∀R > 0, ∀x ∈ X, σ ≥ 1. (1.6)
C(K,σ,R) is continuous in R.
Consequently,
Theorem 1.6. Let Γ be a discrete subgroup of isometries of a measured metric space (X, d, µ) acting
on it freely and properly such that the quotient space Γ\X is compact. If the action of Γ is measure
preserving and (Γ\X, d¯, µ¯) is a CD(K,∞) space then there exist positive constants C0,r, λ ≥ 1 such
that for any σ ≥ 1, u ∈ C(X) and its upper gradient gu,∫
B(x,R)
|u(z)− uR|
σ dµ(z) ≤ C0R
σ−1FΓ(2λR)
∫
B(x,λR)
|gu(z)|
σ dµ(z) ∀R ≥ r, x ∈ X. (1.7)
Structure of the paper: In this paper, the scheme of the proof of existence of such a uniform
Poincare´ inequality will be similar to the one used in [2] and in [5], wherein the main idea of proof of
existence of a uniform Poincare´ inequality for a complete Riemannian manifold (M, g) satisfying a local
doubling condition(DVloc) (see [5] for the definition) and a local Poincare´ inequality is the existence of
a discrete version of Poincare´ inequality for a graph approximation of (M, g), which is both sufficient
and necessary. The assumption on the lower bound on r0 in Theorem 1.1 and Theorem 1.2 is required
to choose a graph discretization of X with canonical combinatorial distance 1. This bound may be
achieved by scaling the metric d suitably. Then the other geometric quantities will change accordingly.
In Section 2 we establish a strong Poincare´ inequality for a measured metric graph when it satisfies
(1.1), which is an improvement of the Poincare´ inequality established in ([3]) for a measured metric
graph. In ([3]) the authors establish a weak Poincare´ inequality for a measured metric graph under the
assumption of polynomial growth of measure of balls and a uniform lower bound on the measure of
vertices, whereas, with an improvement in the proof we obtained a strong Poincare´ inequality without
the extra assumption of uniform lower bound on the measure of vertices. Moreover, we also show that
the constant appearing in the inequality can be further improved if we assume a uniform lower bound
on the measure of vertices.
In Section 3 we first prove that an ǫ-discretization of (X, d, µ), which is a measured metric graph,
is roughly isometric to (X, d, µ) under the assumption of growth condition( 1.1). Moreover, we also
obtained a growth function for the ǫ-discretization satisfying (1.1) in terms of the growth function for
(X, d, µ) satisfying (1.1). In this method of approximation by a graph we try to emulate the foundational
work of Kanai in [8],[9] and its later improvements made by Coulhon and Saloff-Coste in ([5]). Later
in this section, with the assumption of the existence of a local Poincare´ inequality on (X, d, µ) and the
condition on the growth of volume given in (1.1) we get a uniform Poincare´ inequality from the Poincare´
inequality established on its ǫ-discretization.
In section 4 we provide a more specific example of the existence of uniform Poincare´ inequality on
a Gromov δ-hyperbolic space satisfying (Ploc) with a bound on volume entropy. The inspiration to
consider Gromov δ- hyperbolic spaces under such conditions is obtained from the volume comparison
theorems proved in ([3]), which will give us an exponential growth function satisfying (1.1). Section 5
consists of discussions regarding the existence of uniform Poincare´ inequality for a covering space when
its quotient space admits a Poincare´ inequality.
2. Poincare´ Inequality on metric measured graphs
Let Y = (V,E) be a connected graph with a measure ν, where V,E denote the set of vertices and
the set of edges respectively. Define the distance ρ on Y as the canonical combinatorial distance and
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we denote x ∼ y whenever x is adjacent to y. Let u : V → R be a function. Then the length of the
gradient of u at a vertex x is defined as
|δu|(x) =
(∑
x∼y
|u(x)− u(y)|2
) 1
2
. (2.1)
The integration with respect to a measure ν is defined as∫
F
u(x)dν(x) =
∑
x∈F
u(x)ν(x) for any F ⊂ Y. (2.2)
The following theorem establishes a strong Poincare´ inequality for a measured metric graph (Y, ρ, µ)
that satisfies a growth condition 1.1. Even though the proof of the theorem is similar to the proof the
Theorem 4.2 in [2], where the authors show weak local Poincare´ inequality for metric measured graph
that satisfies a polynomial growth of measure of balls and a uniform lower bound on ν(x), with the use
of sharper inequalities we get a strong Poincare´ inequality and the condition on lower bound on ν(x)
can be dropped.
Theorem 2.1. Let (Y, ρ, ν) be a metric measured graph and f : (0,∞) → R be a function such that
ν(B(x,R))
ν(x) ≤ f(R), ∀ x ∈ Y and R ≥ r0 > 0 . Then for any u : Y → R, σ ≥ 1 and R ≥ r0 > 0,∫
B(p,R)
|u(x)− uR|
σdν(x) ≤ 2σRσ−1f(2R)
∫
B(p,R)
|δu|σ(y)dν(y), ∀ p ∈ Y.
Proof. Consider u : Y → R and R ≥ r0. By applying Jensen’s inequality we have,∫
B(p,R)
|u(x)− uR|
σdν(x) ≤
1
(ν(B(p,R))σ
∫
B(p,R)
∣∣∣∣∣
∫
B(p,R)
|u(x)− u(y)|dν(y)
∣∣∣∣∣
σ
dν(x)
≤
1
ν(B(p,R))
∫
B(p,R)×B(p,R)
|u(x)− u(y)|σd(ν ⊗ ν)
Minkowski inequality implies that(∫
B(p,R)×B(p,R)
|u(x)− u(y)|σd(ν ⊗ ν)
) 1
σ
≤
(∫
B(p,R)×B(p,R)
|u(x)− u(p)|σd(ν ⊗ ν)
) 1
σ
+
(∫
B(p,R)×B(p,R)
|u(y)− u(p)|σd(ν ⊗ ν)
) 1
σ
= 2
(∫
B(p,R)×B(p,R)
|u(x)− u(p)|σd(ν ⊗ ν)
) 1
σ
=
(
2σν(B(p,R))
∫
B(p,R)
|u(x)− u(p)|σdν(x)
) 1
σ
Therefore, ∫
B(p,R)
|u(x)− uR|
σdν(x) ≤ 2σ
∫
B(p,R)
|u(x)− u(p)|σdν(x) (2.3)
Let γp,x be a minimal geodesic joining p and x for x ∈ B(p,R). Then lp,x = length(γp,x) ≤ R and
|u(x) − u(p)| ≤
∫
γp,x
|δu|. Using Jensen’s inequality again we have,
|u(x)− u(p)|σ ≤ lσ−1p,x
∫
γp,x
|δu|σ ≤ Rσ−1
∫
γp,x
|δu|σ ≤ Rσ−1
∫
B(p,R)
|δu|σ(y)dω(y) (2.4)
where ω is the counting measure on Y . By the definition of |δu|,∫
B(p,R)
|δu|σ(y)dω(y) =
∑
y∈B(p,R)
|δu(y)|σ =
1
ν(B(p,R))
∑
y∈B(p,R)
|δu(y)|σν(y)
ν(B(p,R))
ν(y)
(2.5)
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Since B(p,R) ⊂ B(y, 2R) for any y ∈ B(p,R) therefore,
ν(B(p,R))
ν(y)
≤
ν(B(y, 2R))
ν(y)
≤ f(2R).
Hence ∫
B(p,R)
|δu|σ(y)dω(y) ≤
f(2R)
ν(B(p,R))
∫
B(p,R)
|δu|σ(y)dν(y)
Combining (2.3) and (2.4) we have∫
B(p,R)
|u(x)− uR|
σdν(y) ≤
∫
B(p,R)
(
2σRσ−1f(2R)
ν(B(p,R))
∫
B(p,R)
|δu|σ(y)dν(y)
)
dν(x)
≤ 2σRσ−1f(2R)
∫
B(p,R)
|δu|σ(y)dν(y)

If µ(x) ≥ 1
c
for all x ∈ X for some c > 0 and (Y, ρ, ν) satisfies (1.1) then ν(B(x,R)) ≤ f(R)c.
Theorem 2.2. Let (Y, ρ, ν) be a metric measured. Suppose there exists a constant c > 0 and a function
f : (0,∞) → R such that ν(B(x,R)) ≤ f(R) and ν(x) ≥ 1
c
, ∀x ∈ Y and R ≥ r0 > 0. Then for any
u : Y → R, σ ≥ 1 and R ≥ r0 > 0,∫
B(p,R)
|u(x)− uR|
σdν(x) ≤ 2σcRσ−1f(R)
∫
B(p,R)
|δu|σ(y)dν(y), ∀ p ∈ Y.
Proof. From (2.5) we have,∫
B(p,R)
|δu|σ(y)dω(y) =
∑
y∈B(p,R)
|δu(y)|σ =
1
c
∑
y∈B(p,R)
|δu(y)|σν(y) (2.6)
≤ c
∫
B(p,R)
|δu|σ(y)dν(y) (2.7)
From (2.3) and (2.4) we have,∫
B(p,R)
|u(x)− uR|
σdν(y) ≤
∫
B(p,R)
(
2σcRσ−1
∫
B(p,R)
|δu|σ(y)dν(y)
)
dν(x)
≤ 2σcRσ−1ν(B(p,R))
∫
B(p,R)
|δu|σ(y)dν(y)
≤ 2σcRσ−1f(R)
∫
B(p,R)
|δu|σ(y)dν(y)

Note that f is an increasing function and hence f(2R) ≥ f(R). Hence the constants we obtained
here is slightly better that the constants in the previous theorem and in Theorem 4.2 in [2]
3. Uniform Poincare´ inequalities on metric spaces
Consider a measured metric space (X, d, µ).
Definition 2. (Y, ρ, ν) is said to be an ǫ-discretization of (X, d, µ) for any ǫ > 0 if the distance between
any two points in Y ⊂ X is greater than or equal to ǫ and the following holds.
(i) X = ∪y∈YBX(y, ǫ)
(ii) ρ(x, y) = ǫ if d(x, y) < 2ǫ and x 6= y
(iii) ν(x) = µ(B(x, ǫ))
6 GAUTAM NEELAKANTAN MEMANA AND SOMA MAITY
(Y, ρ, ν) may be considered as a metric measured graph where two vertices x, y ∈ Y are connected
by an edge of length ǫ if and only if d(y, x) < 2ǫ. The multiplicity of the covering {(BX(y, ǫ))}y∈Y is
the supremum of the degree of vertices in Y. The following lemma is proved in [2] using a local doubling
condition. Following similar steps we obtained an estimate of the multiplicity of an ǫ-discretization of
X in terms of the growth function f in (1.1).
Lemma 3.1. Let (Y, ρ, ν) be an ǫ-discretization of (X, d, µ) with ǫ ≥ 1. If X satisfies (1.1) and
M(Y, Lǫ) denotes the multiplicity of the covering {B(x, Lǫ)}x∈Y then
M(Y, Lǫ) ≤ f(3Lǫ+
1
2
), ∀L ≥ 1.
Proof. Since ǫ ≥ 1 observe that {B(x, 12 )}x∈Y forms a disjoint family of balls. Now, consider the set
Z ⊂ Y such that for all z ∈ Z, B(x, Lǫ)∩B(z, Lǫ) 6= ∅ for some fixed x ∈ Y . Hence Z ⊂ B(x, 2Lǫ) and
{B(z, 12 )}z∈Z is a disjoint family of balls contained in B(x, 2Lǫ+
1
2 ).∑
z∈Z
µ(B(z,
1
2
)) ≤ µ(B(x, 2Lǫ+
1
2
)) (3.1)
Then, by using the condition on the growth of volume of balls
µ(B(z, 3Lǫ
1
2
)) ≤ f(3Lǫ+
1
2
)µ(B(z,
1
2
)) ∀z ∈ Y.
Now by using the above equation and and the fact that for z ∈ Z, B(x, 2Lǫ + 12 ) ⊂ B(z, 3Lǫ+
1
2 ) we
get ∑
z∈Z
µ(B(z,
1
2
)) ≥
|Z|
f(2Lǫ+ 12 )
µ(B(x, 2Lǫ+
1
2
)) (3.2)
Now, combining equations 3.1 and 3.2 we get |Z| ≤ f(3Lǫ+ 12 ). Hence the lemma follows. 
Next two lemmas are proved in [9], [8] for Riemannian manifolds using a lower bound on Ricci
curvature and injectivity radius. Later Coulhon and Saloff-Coste proved them on metric measured
spaces using the local doubling condition of the measure in [5]. Using (1.1) we expressed the constants
in terms of the growth function f.
Lemma 3.2. Let (Y, ρ, ν) be an ǫ-discretization of (X, d, µ) with ǫ ≥ 1. If X satisfies (1.1)then
d(x, y) ≤ 2ρ(x, y) ≤ 2f(6ǫ+
1
2
)(d(x, y) + 2ǫ) ∀x, y ∈ Y.
Proof. Let γ be a geodesic in X joining x and y. Let Yγ = {z ∈ Y : B(z, ǫ)∩ γ 6= ∅}. Clearly, {B(z, ǫ) :
z ∈ Yγ} covers γ and ρ(x, y) ≤ ǫ |Yγ |. Consider the positive integer k such that k − 1 < d(x, y)/ǫ ≤ k.
Let (x = x0, x1, .., xk−1, xk = y) be points on γ such that d(xj−1, xj) = d(x, y)/k for j = 1, ...k. Since
Yγ is contained in an ǫ neighbourhood of γ, Yγ ⊂ ∪
k
j=0{z ∈ Y : xj ∈ B2ǫ(z)}. By Lemma 3.1,
ρ(x, y) ≤ ǫ |Yγ | ≤ ǫ
k∑
j=0
|{z ∈ Y : xj ∈ B2ǫ(z)}| ≤ ǫ(k + 1)f(6ǫ+
1
2
) < f(6ǫ+
1
2
)
(
d(x, y) + 2ǫ
)
Hence we have the required inequality. 
Lemma 3.3. Let (Y, ρ, ν) be an ǫ-discretization of (X, d, µ) with ǫ ≥ 1. If X satisfies (1.1)then for all
x ∈ Y
ν(BY (x,R)) ≤ f(ǫ)µ(BX(2R+
1
2
)) and
ν(BY (x,R))
ν(BY (x,
1
2 ))
≤ f(ǫ)f(2R+
1
2
). (3.3)
If R′ = f(6ǫ+ 12 )(R + 3ǫ) then
µ(BX(x,R)) ≤ ν(BY (x,R
′)) and
µ(BX(x,R))
µ(BX(x,
1
2 ))
≤ f(ǫ)
ν(BY (x,R
′))
ν(BY (x,
1
2 ))
.
UNIFORM POINCARE´ INEQUALITIES ON MEASURED METRIC SPACES 7
Proof.
ν(BY (x,R)) =
∑
y∈BY (x,R)
ν(y) =
∑
y∈BY (x,R)
µ(BX(y, ǫ)) = f(ǫ)
∑
y∈BY (x,R)
µ(BX(y,
1
2
)).
From Lemma (3.2) we obtain that y ∈ BX(x, 2R) for all y ∈ BY (x,R). Observe that {BX(y,
1
2 )}y∈Y
are mutually disjoint and contained in BX(x, 2R+
1
2 ). Hence,
ν(BY (x,R)) ≤ f(ǫ)µ(BX(x, 2R+ 1)).
ν(BY (x,R))
ν(x)
≤ f(ǫ)
µ(BX(x, 2R+
1
2 ))
µ(BX(x, ǫ))
≤ f(ǫ)f(2R+
1
2
)
Let R′ = f(6ǫ+ 12 )(R + 3ǫ) and y ∈ BX(x,R + ǫ) ∩ Y. By Lemma (3.2) y ∈ BY (x,R
′). Therefore,
BX(x,R) ⊂ ∪y∈BX (x,R+ǫ)BX(y, ǫ) ⊂ ∪y∈BY (x,R′)BX(y, ǫ).
µ(BX(x,R)) ≤
∑
y∈BY (x,R′)
µ(BX(y, ǫ)) = ν(BY (x,R
′)).
µ(BX(x,R))
µ(BX(x,
1
2 ))
= f(ǫ)
µ(BX(x,R))
µ(BX(x, ǫ))
≤ f(ǫ)
ν(BY (x,R
′))
ν(BY (x,
1
2 ))
.

Remark 3.1. As a consequence of the above lemmas we obtain a rough isometry between (Y, ρ, µ) and
(X, d, µ) as defined in [8], [9]. This implies that the growth of volume of (X, d, µ) is polynomial (or
exponential) if and only if the same holds for (Y, ρ, ν).
Next we prove a uniform Poincare´ inequality on measured metric spaces assuming a local Poincare´
inequality. An upper gradient for u ∈ C(X) is a Borel function gu : X → [0,∞) such that for each
curve γ : [0, 1]→ X with finite length l(γ) and constant speed,
u(γ(1))− u(γ(0)) ≤ l(γ)
∫ 1
0
g(γ(t))dt.
uR denotes the mean of u on balls of radius R,
uR(x) =
1
µ(B(x,R))
∫
B(x,R)
u dµ.
Let (Y, ρ, ν) be an ǫ discretization of X . For u ∈ C(X), u˜ : Y → R is given by
u˜(x) = uB(x,ǫ) =
1
µ(B(x, ǫ))
∫
B(x,ǫ)
u(z) dµ(z).
||u||σ,E denotes the L
σ-norm of a Borel function u on a Borel set E for any σ ≥ 1.
Lemma 3.4. ([2] , Lemma 3.5 ) Let (Y, ρ, ν) be an ǫ-discretization of (X, d, µ) with ǫ ≥ 1 and let gu
be an upper gradient of u ∈ C(X). If X satisfies (1.1) and the (Ploc) condition in (1.2) then
||δu˜||σ,B(x,R) ≤ 2C
1
σ f(3ǫ+
1
2
)f
1
σ (3ǫ)||gu||σ,B(x,R+(L+2)ǫ)
where the constants L and C are same as in (1.2).
This lemma is proved in ([2]) for Riemannian manifolds which satisfies the local doubling condition
and (Ploc) condition (1.2). Since the local doubling condition and the growth condition (1.1) are
equivalent, the same proof holds for (X, d, µ) as well for ǫ ≥ 1. We will use this lemma to prove the
main theorem.
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3.1. Proof of the main theorem :
Proof. We will follow the same idea that has been used by in ([2] , Theorem 3.1) for a Riemann-
ian manifold with Ricci curvature bounded below. By scaling the metric d suitably we may as-
sume r0 > 1. Let (Y, ρ, ν) be a fixed ǫ-discretization of (X, d, µ) with ǫ = 1 and R ≥ r0. Since
B(x,R) ⊂
⋃
y∈Y ∩B(x,R+ǫ)B(y, ǫ), for any η ∈ R we have,∫
B(x,R)
|u(z)− η|σ dµ(z) ≤
∑
y∈Y ∩B(x,R+ǫ)
∫
B(y,ǫ)
|u(z)− η|σ dµ(z).
By applying Jensen’s inequality we have,∫
B(x,R)
|u(z)− η|σ dµ(z) ≤ 2σ−1
∑
y∈Y ∩B(x,R+ǫ)
∫
B(y,ǫ)
|u(z)− u˜(y)|σ dµ(z)
+2σ−1
∑
y∈Y∩B(x,R+ǫ)
ν(y)|u˜(y)− η|σ (3.4)
Let us denote by (I) and (II), the first and the second term of the right hand side of the last inequality,
respectively. One can bound (I) by local Poincare´ inequality for radius ǫ.
(I) ≤ 2σ−1C
∑
y∈Y ∩B(x,R+ǫ)
∫
B(y,Lǫ)
|gu(z)|
σ dµ(z) (3.5)
By Lemma 3.1, the multiplicity of the covering {B(y, Lǫ)}y∈X is bounded by M(Y, Lǫ). For each
y ∈ B(x,R+ ǫ), B(y, Lǫ) ⊂ B(x,R + (L + 2ǫ)). Therefore putting ǫ = 1 we have,
(I) ≤ 2σ−1CM(Y, Lǫ)
∫
B(x,R+(L+2ǫ))
|gu(z)|
σ dµ(z) (3.6)
≤ 2σCf(3L+
1
2
)
∫
B(x,R+L+2)
|gu(z)|
σ dµ(z)
Next we obtain a bound on (II) using the Poincare´ inequality on (Y, ρ, ν). We choose x0 ∈ Y such that
d(x, x0) < ǫ.
Y ∩B(x,R + ǫ) ⊂ B(x0, R+ 2ǫ)
To apply the Poincare´ inequality on Y , consider r = f(6ǫ + 12 )(R + 4ǫ), h(r) = f(ǫ)f(2r +
1
2 ). Then
using Lemma (3.2) and Lemma (3.3) we have, BX(x0, R + 2ǫ) ∩ Y ⊂ BY (x0, r) and
ν(r)
ν( 1
2
)
≤ h(r). We
also choose,
η = u˜r =
1
ν(B(x0, r))
∑
y∈B(x0,r)
u˜(y)ν(y).
By Theorem 2.1 we obtain
(II) ≤ 22σ−1rσ−1h(2r)
∑
y∈B(x0,r)
|δu˜(y)|σν(y) (3.7)
Now, by Lemma 3.4
(II) ≤ 23σ−1rσ−1h(2r)Cfσ(3ǫ+
1
2
)f(3ǫ)
∫
B(x0,r+(L+2)ǫ)
|gu(z)|
σ dµ(z)
We put ǫ = 1, λ = f(7.5) + 1 and let R ≥ 4λ+ L. Then r = (λ− 1)(R + 4) ≤ λR − L− 4. Therefore,
(II) ≤ 23σ−1Cfσ+1(3.5)(λR)σ−1f(1)f(4λR)
∫
B(x0,λR−2)
|gu(z)|
σdµ(z)
≤ 23σ−1f(1)Cfσ+2(3.5)(λR)σ−1f(4λR)
∫
B(x,λR)
|gu(z)|
σdµ(z) (3.8)
for all R ≥ 4λ+ L. From (3.6) we have,
(I) ≤ 2σ−1Cf(3L+ 1)
∫
B(x,λR)
|gu(z)|
σ dµ(z) (3.9)
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Therefore combining (3.9) and (3.8) we have,∫
B(x,R)
|u(z)− η|σdµ(z) ≤ 23σCfσ+2(3.5)(λR)σ−1f(4λR)
∫
B(x,λR)
|gu(z)|
σdµ(z) (3.10)
We have the required uniform Poincare´ inequality from the following.∫
B(x,R)
|u(z)− uR|
σ dµ(z) ≤ 2σinf
τ∈R
∫
B(x,R)
|u(z)− τ |σ dµ(z) (3.11)
We refer to [2] for a proof of the above inequality. 
A measure µ is called doubling for r ≥ r1 if there exists C0 ≥ 1 such that
µ(B(x, 2r))
µ(B(x, r))
≤ C0 ∀x ∈ X ∀r ≥ r1.
When µ is doubling the growth of volume is polynomial. As a consequence (X, d, µ) satisfies a uniform
(σ, β, σ)-Poincare´ inequality.
Corollary 3.1. Let (X, d, µ) be a measured metric space. If (X, d, µ) satisfies (Ploc) for r0 ≥ 1 in
(1.2) and µ is doubling for R ≥ 12 with the doubling constant C0 then there exists positive constants s,
C1(σ,C0, C), λ ≥ 1 and r such that for any u ∈ C(X) and its upper gradient gu,∫
B(x,R)
|u(z)− uR|
σ dµ(z) ≤ C1R
σ+s−1
∫
B(x,λR)
|gu(z)|
σdµ(z) ∀R ≥ r.
Proof. If µ is doubling then (see Theorem 5.2.2 [1])
µ(B(x,R))
µ(B(x, 12 ))
≤ C20R
s with s =
logC0
log 2
.
for all x ∈ X and R ≥ 12 . Hence we have the growth function f(R) = C
2
0R
s. Now the result is an
immediate consequence of Theorem 1.1. 
Corollary 3.2. Let (M, g) be a complete Riemannian manifold with dimension n and Ric ≥ −kg
for some k > 0. Let σ ≥ 1. If V ol(B(x,R))
V ol(B(x, 1
2
))
≤ V0Rα for all R ≥ r > 0 then there exists constants
C0(n, k, r, σ, V0) > 0 and λ ≥ 1 such that for any u ∈ C1(M),∫
B(x,R)
|u(z)− uR|
σdµ(z) ≤ C0R
α+σ−1
∫
B(x,λR)
|∇u|σdµ(z) ∀R ≥ r.
∇u denotes the gradient of u.
Proof. From Theorem 1.14 in [2] we have that if Ric ≥ −kg then (M, g) satisfies the local Poincare´
inequality (1.2) and the constant C(n, k,R) depends on k, n and R. Let C = supR≤1 C(n, k,R). Define,
f(R) = V0 ∀ 0 < R ≤ r
= V0R
α ∀R > r
Then V ol(B(x,R))
V ol(B(x, 1
2
))
≤ f(R). Now the result follows from Theorem 1.1. 
If µ(B(x, 12 )) ≥
1
c
for some c > 0 and (X, d, µ) satisfies the growth condition (1.1) then
V (R) = sup
x∈X
µ(B(x,R)) ≤ cf(R).
With this additional assumption we can improve the constants appeared in Theorem 1.1.
Theorem 3.1. Let (X, d, µ) be a measured metric which satisfies (Ploc) for r0 ≥ 1in (1.2). If there
exist a constant c > 0 and a function V : (0,∞)→ R such that
µ(x,
1
2
) ≥
1
c
and µ(x,R) ≤ V (R) ∀x ∈ X
then for any u ∈ C(X) and its upper gradient gu,∫
B(x,R)
|u(z)− uR|
σ ≤ 24σc3CV σ+1(2.5)(λR)σ−1V (2λR)
∫
B(x,λR)
|gu|
σ(z)dµ(z) (3.12)
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for all R ≥ max{r0, 4λ+ L} and σ ≥ 1 where λ = cV (4.5) + 1.
Proof. Let (Y, ρ, ν) be an ǫ-discretization of (X, d, µ) with ǫ ≥ 1. From (3.1) we obtain a new bound on
the multiplicity of the covering {B(y, Lǫ)}y∈Y .
M(Y, Lǫ) ≤ cV (2Lǫ+
1
2
) (3.13)
From the proof of Lemma (3.5) in [2] using this new bound on M(ǫ) we obtain
||δu˜||σ,B(x,R) ≤ 2(Cc)
1
σ V (2ǫ+
1
2
)||gu||σ,B(x,R+(L+2)ǫ) (3.14)
From the proof of Lemma (3.2) and Lemma (3.3) we also obtain,
ρ(x, y) ≤ V (4ǫ+
1
2
)(d(x, y) + 2ǫ) (3.15)
and
ν(BY (x,R)) ≤ cV (ǫ)V (2R). (3.16)
For u ∈ C(X) let gu be an upper gradient of u. From (3.4) we have,∫
B(x,R)
|u(z)− η|σ ≤ I + II
where I and II are the first term and the second term in (3.4) respectively. From (3.6) we have,
I ≤ 2σ−1CcV (2L+
1
2
)
∫
B(x,R+L+2)
|gu(z)|
σdµ(z). (3.17)
Next we choose x0 ∈ Y such that d(x, x0) < 1. Hence,
Y ∩B(x,R + ǫ) ⊂ B(x0, R+ 2ǫ).
To apply discrete Poincare´ inequality on Y we choose r = cV (4.5)(R + 4) and h(r) = cV (1)V (2r) .
Therefore, using (3.15) and (3.16) we obtain,
Y ∩BX(x0, R+ 2) ∈ BY (x0, r) and ν(BY (x0, r)) ≤ h(r).
We choose η = u˜r. Now by Theorem 2.2 we have,
II ≤ 22σ−1crσ−1h(r)‖δu‖σσ,B(x0,r+L+2).
(3.14) implies that
II ≤ 23σ−1c2CV σ(2.5)rσ−1h(r)
∫
B(x0,r+L+2)
|gu(z)|
σdµ(z).
Let λ = cV (4.5) + 1 and R ≥ 4λ+ L . Then r = (λ− 1)(R+ 4) ≤ λR− L− 4. Putting values of r and
h(r) we have,
II ≤ 23σ−1c3CV σ(2.5)V (1)(λR)σ−1V (2λR)
∫
B(x,λR)
|gu|
σ(z)dµ(z)
for all R ≥ 4λ+ L. In the last step we used d(x, x0) < 1. From (3.17) we have,
I ≤ 2σ−1CcV (2L+
1
2
)
∫
B(x,λR)
|gu(z)|
σdµ(z)
Therefore,
I + II ≤ 23σc3CV σ+1(2.5)(λR)σ−1V (2λR)
∫
B(x,λR)
|gu|
σ(z)dµ(z)
Now the required result follows from the following inequality.∫
B(x,R)
|u(z)− uR|
σ dµ(z) ≤ 2σinf
τ∈R
∫
B(x,R)
|u(z)− τ |σ dµ(z) (3.18)

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Corollary 3.3. Let (X, d, µ) be a measured metric space which satisfies (Ploc) for r0 ≥ 1 (1.2) and
µ(B(x, 12 )) ≥ c > 0. If µ is doubling for R ≥ r with the doubling constant C0 and µ(B(x, r)) ≤ V0,
∀x ∈ X then there exists positive constants s, C1(σ,C0, C, c, r, V0), λ ≥ 1 and r such that for any
u ∈ C(X) and its upper gradient gu,∫
B(x,R)
|u(z)− uR|
σ dµ(z) ≤ C1R
σ+s−1
∫
B(x,λR)
|gu(z)|
σdµ(z) ∀R ≥ r.
Proof. If µ is doubling then for all R ≥ r and x ∈ X(see Theorem 5.2.2 [1])
µ(B(x,R))
µ(B(x, r))
≤ C0
(
R
r
)s
with s =
logC0
log 2
. (3.19)
Define, f(R) = V0 ∀
1
2
≤ R ≤ r
=
V0
rs
Rs ∀R > r
Now the required result is an immediate consequence of Theorem 3.1. 
4. Poincare´ inequality on Gromov hyperbolic spaces
Let (X, d) be a δ hyperbolic space in the sense of Gromov and µ be a Borel measure on it. The
Entropy of a measured metric space (X, d, µ) is defined by
Ent(X, d, µ) = lim inf
R→∞
1
R
ln(µ(B(x,R)))
It is independent of the choice of x. Let G be a finitely generated group with a finite set of generators
Σ. (G,Σ) is called a hyperbolic group if the Cayley graph Γ of (G,Σ) is δ-hyperbolic as a metric space.
Hyperbolic groups play an important role in geometric group theory. We prove a strong Poincare´
inequality on Cayley graphs which are δ-hyperbolic.
Theorem 4.1. Let Γ be a δ hyperbolic Cayley graph of a hyperbolic group G equipped with a measure
µ. Suppose c ≤ µ(x) ≤ C for all x ∈ Γ and the entropy of (Γ, µ) is bounded by H. Then for
R ≥ r = 10(1 + δ), σ ≥ 1 and u : Γ→ R∫
B(p,R)
|u(x)− uR|
σdµ(x) ≤
2σ3Cν(r)
cr
25
4 e48H(1+δ)
Rσ+
21
4 e6HR
∫
B(p,R)
|gu|
σ(x)dµ(x) ∀p ∈ X
where |gu| denotes the length of the gradient of u and ν(r) is the number of elements of Γ in a ball of
radius r.
Proof. Let ν be the counting measure on Γ. Then ν is a G invariant and for any R > 0, ν(B(x,R)) is
same for all x ∈ Γ. We define ν(R) = ν(B(x,R)). The diameter of G\Γ is 1. Hence from Theorem 1.9
part (ii) in [3] we have,
ν(R) < 3ν(r)
(
R
r
) 25
4
e6H(R−
4r
5
) ∀ R ≥ r = 10(1 + δ).
Now µ(B(x,R)) ≤ Cν(R). Hence using Theorem 2.2 for all R ≥ r we have,∫
B(p,R)
|u(x)− uR|
σdµ(x) ≤
2σ3Cν(r)
cr
25
4
Rσ+
21
4 e6H(R−
4r
5
)
∫
B(p,R)
|gu|
σ(x)dµ(x)
=
2σ3Cν(r)
cr
25
4 e48H(1+δ)
Rσ+
21
4 e6HR
∫
B(p,R)
|gu|
σ(x)dµ(x)
Hence the proof follows. 
Next we establish a uniform Poincare´ inequality on a measured δ-hyperbolic space which satisfies a
local Poincare´ inequality.
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Theorem 4.2. Let (X, d, µ) be a measured δ-hyperbolic space which supports (Ploc) for r0 ≥ 1 in (1.2).
Let Γ be a group acting on X isometrically and properly such that the diameter of the quotient space
Γ\X is bounded by D and r = (7D + 4δ) ≥ 2. Suppose the action of Γ is measure preserving and the
entropy of (X, d, µ) is bounded by H. Then there exist C0(δ,D,H, µ) > 0 and λ ≥ 1 such that for any
u ∈ C(X) and its upper gradient gu,∫
B(x,R)
|u(z)− uR|
σdµ(z) ≤
24(σ+3HD)c3CV σ+20
56HDr
25
4
+6HDeH(83D+48δ)
(λR)σ+
21
4
+6HDe12λHR
∫
B(x,λR)
|gu(z)|
σdµ(z)
∀R ≥ 5r2 and ∀z ∈ X where λ = cV0 + 1, V0 = supx∈X{µ(B(x,
5r
2 ))} and
1
c
= inf∈X{µ(B(x,
1
2 ))}.
Proof. Let V0 = sup{µ(B(x,
5r
2 ))|x ∈ X}. From Theorem 1.9 part (i) in [3] we have,
µ(B(x,R)) ≤
(
2
5
) 25
4
+6HD
3V0R
25
4
+6HDe6HR
r
25
4
+6HDeH(12r−D)
V (R) = V0 ∀ R <
5r
2
= ≤
(
2
5
) 25
4
+6HD
3V0R
25
4
+6HDe6HR
r
25
4
+6HDeH(12r−D)
∀ R ≥
5r
2
Since r ≥ 2, 5r2 ≥ 5. Hence V (4.5) = V (2.5) = V0. Now from Theorem 3.1 we have, for all R ≥
5r
2 ,∫
B(x,R)
|u(z)− uR|
σdµ(z) ≤
24(σ+3HD)c3CV σ+20
56HDr
25
4
+6HDeH(83D+48δ)
(λR)σ+
21
4
+6HDe12λHR
∫
B(x,λR)
|gu(z)|
σdµ(z)

5. Poincare´ inequality on covering spaces
In this section we study uniform Poincare´ inequalities on covering spaces when the quotient space
satisfy a Poincare´ inequality. Let Γ be a discrete subgroup of isometries of (X, d, µ) acting on it freely
and properly such that Γ\X is compact. The point-wise systole is defined as sysΓ(x) = infγ 6=e d(x, γ.x).
The systole sysΓ of X is the infimum of sysΓ(x) over x ∈ X , which can be shown non-zero. Define the
quotient metric d¯ on Γ\X as follows. For x, y ∈ Γ\X choose x˜ ∈ p−1(x) and y˜ ∈ p−1(y). Then
d¯(x, y) = inf
γ∈Γ
d(x˜, γ.y˜) = inf
γ1,γ2∈Γ
d(γ1.x˜, γ2.y˜) (5.1)
Observe that the quotient map p is a covering map and p : B(x˜, sysΓ4 )→ B(x,
sysΓ
4 ) is an isometry for
all x ∈ Γ\X and x˜ ∈ p−1(x). Suppose the action of Γ is measure preserving. Define, the quotient Borel
measure µ¯ on X\Γ such that p restricted to each B(x˜, sysΓ4 ) is measure preserving for x˜ ∈ X .
Lemma 5.1. If (X\Γ, d¯, µ¯) satisfies a Poincare´ inequality, i.e. for any σ ≥ 1 there exist constants
L ≥ 1 and C(R) > 0 such that for any u ∈ C(X) and its upper gradient gu,∫
B(x,R)
|u− uR|
σdµ¯ ≤ C(R)
∫
B(x,LR)
|gu|
σdµ¯ ∀ R > 0 (5.2)
then (X, d, µ) satisfies (Ploc) for R ≤
sysΓ
4L .
Proof. Consider a continuous function u˜ : X → R and an upper gradient gu˜ of u˜. Given R ≤
sysΓ
4L
choose R′ such that LR < R′ < sysΓ4 and a bump function φ : X → R such that φ = 1 on B(x˜, LR)
and is compactly supported on B(x˜, R′). So, for a continuous function u : X → R we can define a
corresponding continuous function u on B(x, sysΓ4 ) for any x ∈ X\Γ, namely
u(y) =
∑
y˜ ∈ p−1(y)
u˜(y˜)φ(y˜)
which is well defined as the restriction map is bijective. Moreover, corresponding to the upper gradient
gu˜ we can define an upper gradient for u on B(x, LR) as
gu(y) =
∑
y˜ ∈ p−1(y)
gu˜(y˜)φ(y˜)
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To see that gu is indeed an upper gradient for u on B(x, LR) choose a unit speed curve α : [0, 1] →
B(x, LR) and let α˜ be its lift via the map p passing through B(x˜, LR). Then,
|u(α(1))− u(α(0))| = |u(α˜(1))− u(α˜(0))| ≤
∫ 1
0
gu˜(α˜(t))dt =
∫ 1
0
gu(α(t))dt
Let C = sup{C(R) : R ≤ sysΓ4 }. Now we have the required local Poincare´ inequality as∫
B(x˜,R)
|u˜− u˜R|
σdµ =
∫
B(x,R)
|u− uR|
σdµ¯ ≤ C
∫
B(x,LR)
|gu|
σdµ¯ = C
∫
B(x˜,LR)
|gu˜|
σdµ

Theorem 5.1. Consider a measured metric space (X, d, µ). Let Γ be a discrete subgroup of isometries
of (X, d, µ) acting on it freely and properly such that Γ\X is compact and sysΓ ≥ max{4L, 18}. Let the
diameter amd the volume of Γ\X is bounded above by D and V0 respectively. If (Γ\X, d¯, µ¯) satisfies a
Poincare´ inequality (5.2) then for any u ∈ C(X) and its upper gradient gu,∫
B(x,R)
|u(z)− uR|
σ dµ(z) ≤ 24σc3CV σ+20 (λR)
σ−1FΓ (2λR)
∫
B(x,λR)
|gu(z)|
σ dµ(z) (5.3)
for all R ≥ 4λ+ L and σ ≥ 1, where λ = cV0 +D and
1
c
= infx∈X µ(B(x,
1
2 )).
Proof. Since Γ\X is compact for any R > 0, supx∈X µ(B(x,R)) and infx∈X µ(B(x,R)) exist and they
are positive. For any R > 0 using the covering map it is easy to see that
µ(B(x,R)) ≤ V0FΓ(R+D) ∀ x ∈ X. (5.4)
For R ≤ sysΓ4 , µ(B(x,R)) ≤ V0 for all x ∈ X. Define,
f(R) = V0 ∀ R ≤
sysΓ
4
= V0FΓ(R+D) ∀ R >
sysΓ
4
Now the theorem follows from Theorem 3.1. 
The required lower bound on systole is may be achieved by scaling d¯ suitably. Then the other
geometric quantities will also change accordingly. Theorem 1.6 follows from Theorem 1.5 and Theorem
5.1.
Remark 5.1. The function FΓ(R) determines the growth of the group Γ. In particular when X is simply
connected the growth of the fundamental group of Γ\X is determined by FΓ. As a consequence of the
above theorem the growth of the Poincare´ constant with respect to R is polynomial (or exponential) if
the growth of Γ is polynomial (or exponential).
Remark 5.2. If X is a simply connected Riemannian manifold with non-negative Ricci curvature then
the growth of Γ is polynomial [12]. Consequently, X satisfies a (σ, β, σ) Uniform Poincare´ inequality as
in Corollary 3.2. When a Riemannian manifold satisfy a (1, 1, 1) Poincare´ inequality and the volume
measure is doubling then it also satisfies an isoperimetric inequality [6]. In the same paper the authors
studied existence of isoperimetric inequalities on Riemannian manifolds depending on the growth of FΓ.
Remark 5.3. If X is a simply connected negatively curved Riemannian manifold such that Γ\X is
compact then the growth of Γ is exponential [12] i.e. FΓ(R) grows exponentially with respect to R.
Hence the constant in Theorem 5.1 also grows exponentially. A similar result can be obtained for
δ-hyperbolic spaces described in Theorem 4.2.
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